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Abstract We propose a mathematical model for the transmission dynamics of some strains of the
bacterium Vibrio cholerae, responsible for the cholera disease in humans. We prove that, when the
basic reproduction number is equal to one, a transcritical bifurcation occurs for which the endemic
equilibrium emanates from the disease-free point. A control function is introduced into the model,
representing the distribution of chlorine water tablets for water purification. An optimal control
problem is then proposed and analyzed, where the goal is to determine the fraction of susceptible
individuals who should have access to chlorine water tablets in order to minimize the total number
of new infections plus the total cost associated with the distribution of chlorine water tablets, over
the considered period of time. Finally, we consider real data of the cholera outbreak in Yemen,
from 27 April 2017 to 15 April 2018, choosing the values of the parameters of the uncontrolled
model that fit the real data. Using our optimal control results, we show, numerically, that the
distribution of chlorine water tablets could have stopped, in a fast way, the worst cholera outbreak
that ever occurred in human history. Due to the critical situation of Yemen, we also simulate the
case where only a small percentage of susceptible individuals has access to chlorine water tablets
and obtain an optimal control solution that decreases, substantially, the maximum number of
infective individuals attained at the outbreak.
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1 Introduction
Cholera is an acute diarrhoeal illness caused by infection of the intestine with some strains of the
bacterium Vibrio cholerae, which lives in an aquatic medium. Cholera remains a global threat to
public health and an indicator of inequity and lack of social development [1,2]. Cholera is a disease
of poverty and closely linked to poor sanitation and a lack of clean drinking water [3]. The ingestion
of contaminated water can cause cholera outbreaks, as John Snow proved, in 1854 [4]. This is a
way of transmission of the disease, but other ones exist. For example, susceptible individuals
can become infected if they come in contact with infectious individuals. If individuals are at an
increased risk of infection, then they can transmit the disease to other persons that live with
them by sharing food preparation or water storage containers [4]. An individual can be infected
with or without symptoms. Some symptoms are watery diarrhoea, vomiting, and leg cramps. If
an infective individual does not have treatment, then he becomes dehydrated, suffering of acidosis
and circulatory collapse. This situation can lead to death within 12 to 24 hours [4,5]. Some studies
and experiments suggest that a recovered individual can be immune to the disease during a period
of 3 to 10 years. However, recent discoveries suggest that immunity can be lost after a period of
weeks to months [4, 6].
Since 1979, several mathematical models for the transmission of cholera have been proposed:
see, e.g., [2, 4–15] and references cited therein. In [6], the authors propose an SIR (Susceptible–
Infectious–Recovered) type model and consider two classes of bacterial concentrations (hyperinfec-
tious and less-infectious) and two classes of infective individuals (asymptomatic and symptomatic).
In [4], another SIR-type model is proposed that incorporates hyperinfectivity (where infectivity
varies with the time elapsed since the pathogen was shed) and temporary immunity, using dis-
tributed delays. The authors of [5] incorporate in a SIR-type model public health educational
campaigns, vaccination, quarantine and treatment, as control strategies in order to curtail the
disease.
The use of quarantine for controlling epidemic diseases has always been controversial, because
such strategy raises political, ethical, and socioeconomic issues and requires a careful balance
between public interest and individual rights [16]. Quarantine was adopted as a mean of separating
persons, animals, and goods, which may have been exposed to a contagious disease. Since the
fourteenth century, quarantine has been the cornerstone of a coordinated disease-control strategy,
including isolation, sanitary cordons, bills of health issued to ships, fumigation, disinfection, and
regulation of groups of persons who were believed to be responsible for spreading the infection
[16, 17]. The World Health Organization (WHO) does not recommend quarantine measures and
embargoes on the movement of people and goods for cholera. However, cholera is still on the list
of quarantinable diseases of the EUA National Archives and Records Administration [18].
In this paper, we propose a SIQR (Susceptible–Infectious–Quarantined–Recovered) type model
based on [2], where it is assumed that infective individuals are subject to quarantine during the
treatment period. We refine the model of [2], considering the important situation related to the
fact that to become infected, a healthy individual must intake bacteria from the environment
and, by doing it, these bacteria are removed from the aquatic environment. The model here
proposed improves the one in [2], since the removal of the ingested bacteria from the environment
by susceptible individuals was not previously considered and it must be assumed. Our aim is to
discover what happens when an efficient strategy through quarantine is implemented.
The consequences of a humanitarian crisis, such as disruption of water and sanitation systems
or the displacement of populations to inadequate and overcrowded camps, can increase the risk
of cholera transmission [1]. The number of cholera cases reported by WHO has continued to be
high over the last few years. During 2016, 132121 cases were notified from 38 countries, including
2420 deaths [1]. Recently, in Yemen the largest outbreak of cholera in the history of the world has
occurred, [19]. The epidemic began in October 2016 and in February–March 2017 was in decline.
However, on 27 April 2017, the epidemic broke out again. This happened ten days after Sanaa’s
sewer system had stopped working. Problems in infrastructures, health, water and sanitation sys-
tems in Yemen, allowed the fast spread of the disease [20]. Between 27 April 2017 and 15 April
2018, there were 1 090 280 suspected cases reported and 2 275 deaths due to cholera [21]. In [22],
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this outbreak is studied mathematically, forecasting the cholera epidemic in Yemen and explic-
itly addressing the reporting delay and ascertainment bias. On the other hand, in [13] a SIQRV
(Susceptible–Infectious–Quarantined–Recovered–Vaccinated) type model is proposed, considering
vaccination of susceptible individuals and describing well the cholera outbreak in Yemen, between
27 April 2017 and 15 April 2018. In [23], a compartmental model with periodic environment is
proposed, using a real-life data set of cholera epidemic for Zimbabwe, between 2008 and 2011.
Optimal control is a branch of mathematics developed to find optimal ways to control a dy-
namical system [24–26]. There are few papers that apply optimal control to cholera models, see
e.g. [2, 6, 23]. Here we propose and analyze one such optimal control problem, where the con-
trol function represents the fraction of susceptible individuals S who has access to chlorine water
tablets (CWT) for water purification. Therefore, they are protected from infection. The objective
is to find the optimal strategy through the use of CWT that minimizes the total number of new
infections plus the total cost associated with CWT interventions. CWT are effervescent tablets
that kill micro-organisms in water to prevent cholera, typhoid, dysentery, and other water borne
diseases. There are different sizes of CWT and each tablet size is formulated to treat a specific
volume of water, ranging from 1 liter to 2 500 liters.
We prove that the extremal controls, derived from the Pontryagin Maximum Principle, satisfy
the so-called strict bang-bang property [27]. Through numerical simulations, we show that the
strategy given by the solution of the optimal control problem could have stopped, in a short time,
the cholera outbreak on Yemen. Moreover, we simulate the cases of low, sufficient, and abundant
resources, finding the interval of time needed to stop the outbreak in Yemen.
The paper is organized as follows. In Section 2, we propose a model for cholera transmission
dynamics. We analyze, in Section 3, the positivity and boundedness of the solutions, as well as the
local stability and feasibility of the disease-free and endemic equilibria. In Section 4, we propose
and analyze an optimal control problem for the minimization of the number of new infections
through the distribution of CWT. Section 5 is devoted to numerical simulations and a case study
in Yemen. The concluding Section 6 discusses the optimal impact of CWT distribution on the
control of the cholera outbreak in Yemen, pointing also some directions for future work.
2 Model Setup
The model contains the fundamental populations, identified as follows. The humans are subdivided
into the susceptible S, infective I, quarantined Q, and recovered R. Then we also consider the free
bacteria population living in the environment, B. This is an important specification, as to become
infected, a healthy individual must intake bacteria from the environment and, in doing so, these
bacteria are removed from the aquatic medium. This feature, absent in [2], must be incorporated
in the model, to have a meaningful formulation. The model equations read as follows:

S˙(t) = Λ−
βB(t)S(t)
κ+B(t)
+ ωR(t)− µS(t) =: f1,
I˙(t) =
βB(t)S(t)
κ+B(t)
− (δ + α1 + µ)I(t) =: f2,
Q˙(t) = δI(t)− (ε+ α2 + µ)Q(t) =: f3,
R˙(t) = εQ(t)− (ω + µ)R(t) =: f4,
B˙(t) = ηI(t)− dB(t)−
ρB(t)S(t)
κ+B(t)
=: f5.
(1)
It should be noted that the new term for the removal of bacteria from the environment, through
their uptake by susceptible individuals, here added with respect to [2], is very relevant. Using the
values for the parameters of Section 5, Figure 1 quantifies the new term for the removal of bacteria
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from the environment along time. As it can be seen in this figure, the new term is quantitatively
important. We could also consider that infected individuals also ingest contaminated water. This
Fig. 1: New term for the removal of bacteria from the environment through their
uptake by susceptible individuals.
would account for the modification of the last/bacteria equation, by including additional terms
−aBI/(κ+B) and−bBR/(κ+B). However, we verified that these new terms are not quantitatively
important.
The first equation describes the evolution of the healthy people. We assume to have an input
of new individuals at constant rate Λ, that can get infected by ingestion of bacteria from the
environment. This mechanism is expressed by the second term, with a saturating response function
in terms of the bacteria. It behaves linearly at first, as the more bacteria are acquired, the higher
the probability of getting the infection. But this holds up to a certain point, because if the water
already ingested is full of germs, to drink more of it, will not substantially increase the threat to
the health of the consumer, which is already quite endangered. Therefore, the infection contagion
level will saturate at rate β. Note that more bacteria to be ingested to start the infection is already
embedded in this parameter. The remaining terms in the equation represent the individuals that,
after recovery, become susceptible again, at rate ω, and the natural human mortality, at rate µ.
The second equation for the infective contains the new recruitments, coming from the healthy
individuals as described above, and then the losses of this class, namely, the migration to the
quarantined class, at rate δ, the disease-related mortality, at rate α1, and the natural mortality, at
rate µ. Although the assumption that all infected individuals enter the quarantine stage may be
a far-fetched assumption, if such ambitious studies are not carried out, almost no one will strive
to improve recent and problematic endemic realities. The uptake of viruses from bacteria in an
aquatic environment is described in [28] (but see also [29] for a revisitation of the above model),
a system that roughly corresponds to the first, second and last equation in the model at hand,
where now bacteria take the place of viruses and people replace bacteria. Here, we further modify
it considering that usually in ecological settings the quantity of food (or water) consumption is
usually assumed to be modeled via a Holling type II response function. In turn, the mechanism
describes the fact that the infection rate will saturate with the number of bacteria.
The quarantined class, third equation, incorporates the infective individuals who are so identi-
fied at rate δ. Then, it can lose people in three different ways: through migration to the recovered
class, at rate ε; still by disease-related mortality, but at a possibly different rate α2; or, finally, by
natural mortality, at rate µ.
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The recovered individuals come from the quarantined class at rate ε and leave either by return-
ing susceptible at rate ω or by natural mortality. In this case, the people are not ill and, therefore,
the disease-related mortality is not present.
The last equation accounts for the free bacteria in the environment, i.e., the water. In this
medium they cannot survive, their mortality rate being d. Nevertheless, they are continuously
reversed into it by the infective individuals I, at rate η. Indeed, within the body of the infective,
they do reproduce, this indeed being the cause of the illness, and are then released in the open
environment. A similar phenomenon could occur for the quarantined individuals, who are still
subject to the disease, but it is assumed that, as they are isolated and treated in the hospitals,
measures are taken so that they cannot propagate the infection. In particular, they are prevented
from fouling the water with new bacteria coming from the dejections of their bodies. The third
term in the equation describes, as mentioned before stating the model, the uptake of bacteria
from the water by healthy individuals during the infection process. We can easily assume that
quarantined people are taken care of and therefore not exposed to and ingest contaminated water.
It is also reasonable to assume that, after recovery, individuals would be very careful about the
water they consume, in view of the fact that during the treatment period they would be informed
about the source of the disease. We also assume that there is a prompt response of the authorities
to infection through treatment (quarantine) so that the amount of bacteria ingested by infected
individuals is residual and can be neglected. Therefore, we can assume that bacteria are not taken
up from the environment by these classes of individuals. On the other hand, as already stated,
they are essential in rendering susceptible individuals diseased.
In a more abstract setting, we can rewrite (1) by introducing the vector of the time-dependent
variables,
X = (x1, x2, x3, x4, x5) = (S, I,Q,R,B), (2)
for which (1), in compact form, becomes:
x˙i(t) = fi(x1, . . . , x5), i = 1, . . . , 5. (3)
3 Analysis of the Model
Our analysis of (1) follows the pattern used in [2].
3.1 Preliminary Results
Assuming the ecologically meaningful nonnegative initial conditions for the populations, the solu-
tions of the dynamical system remain nonnegative for all time. This result is contained in Lemma 1
of [2] and translates in this situation without any change. The solutions not only remain in the
positive cone, but are also bounded and the positively invariant set Ω is the same already found
in [2], namely:
Ω = ΩH ×ΩB, ΩB =
{
B ∈ R+0 : B(t) ≤
Λη
µd
}
,
ΩH =
{
(S, I,Q,R) ∈
(
R
+
0
)4
: S(t) + I(t) +Q(t) +R(t) ≤
Λ
µ
}
.
(4)
The proof is essentially the same, with only a change in the derivation of the upper bound for the
bacteria population, which is obtained by dropping the last term of the last equation in (1) to
obtain the same bound:
B˙(t) ≤ ηI(t)− dB(t) ≤ η
Λ
µ
− dB(t) .
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3.2 System’s Equilibria
The only possible equilibria of model (1) are the disease-free point (DFE) and coexistence, or the
endemic equilibrium (EE), as in [2]. However, we will repeat here the analysis in some detail as it
entails some relevant differences.
As for the DFE, we find again
E0 = (S0, I0, Q0, R0, B0) =
(
Λ
µ
, 0, 0, 0, 0
)
. (5)
The basic reproduction number R0 can then be evaluated, following [5, 30].
Proposition 3.1 The basic reproduction number of model (1) is
R0 =
βΛη
(δ + α1 + µ) (µκd+ ρΛ)
. (6)
Proof Follows easily using the methods described in [31]. 
The basic reproduction number proves to be instrumental in the local stability issue of the
DFE E0, as it is shown in the next result.
Theorem 3.1 The disease-free equilibrium E0 of model (1) is locally asymptotic stable if
R0 < 1. (7)
Proof Let us write the right-hand side of system (1) as F − V according to the approach of [30].
The characteristic equation of (1) evaluated at the DFE, p(χ) = det(F0 − V0 − χI5) with F0 and
V0 the Jacobian matrices of F and V computed at the disease free equilibrium E
0, respectively,
factorizes to produce three explicit eigenvalues, −µ < 0, −a2 < 0, and −a3 < 0, and a quadratic
equation in χ:
(a1 + χ)
(
d+
ρΛ
µκ
+ χ
)
−
βΛη
µκ
= 0,
for which the Routh–Hurwitz conditions are easily seen to hold if
a1
(
d+
ρΛ
µκ
)
−
βΛη
µκ
> 0,
which amounts to the condition (7). 
A converse result holds in case of the opposite condition, as illustrated in the following result.
Proposition 3.2 Let a1 = δ+α1+µ, a2 = ε+α2+µ, and a3 = ω+µ. Assume that λ
∗, δ, ε, ω > 0.
If R0 > 1, then model (1) has the endemic equilibrium
E∗ = (S∗, I∗, Q∗, R∗, B∗) =
(
Λa1a2a3
D
,
Λa2a3λ
∗
D
,
Λδa3λ
∗
D
,
Λδελ∗
D
, (βη − ρa1)
Λa2a3λ
∗
βDd
)
, (8)
where
D = a1a2a3(λ
∗ + µ)− δεωλ∗, λ∗ = βB∗(κ+B∗)−1, (9)
which is feasible if
βη > ρa1. (10)
Optimal Control of Aquatic Diseases: A Case Study of Yemen’s Cholera Outbreak 7
Proof For this equilibrium to be feasible, the transmission rate must be strictly positive:
βB∗(t) (κ+B∗(t))
−1
> 0.
Solving in turn the second, third, and fourth equilibrium equation of (1), we find
S∗ =
a1
λ∗
I∗, I∗ =
a2
δ
Q∗, Q∗ =
a3
ε
R∗.
Then, we obtain
S∗ =
a1a2a3
λ∗δε
R∗.
Substituting the last evaluated value of S∗ into the first equilibrium equation, we then obtain
δελ∗Λ − DR∗ = 0, which gives the fourth component of (8), and by back substitution also the
first three. Finally, the fifth equation provides the value of B∗, which must be nonnegative to
be feasible, giving thus (10). Now, from λ∗ = βB∗(κ + B∗)−1, substituting the value of B∗ and
rearranging, we obtain
{[Λ(βη − ρa1) + κβda1]a2a3 − κβdδεω}λ
∗ = [βΛη − a1(ρΛ + µκd)]βa2a3.
It follows that
λ∗ =
β(R0 − 1)a1a2a3(ρΛ+ µκd)
Λ(βη − ρa1)a2a3 + κβd[a1a2a3 − δεω]
.
In view of (10), and the fact that
a1a2a3 − δεω = (δ + α1 + µ)(ε+ α2 + µ)(ω + µ)− δεω > 0, (11)
because α1, α2 ≥ 0 and all the other coefficients are positive, the above value of λ
∗ is positive if
and only if R0 > 1. In such case the model (1) has the endemic equilibrium (8). This concludes
the proof. 
Remark 3.1 Comparing the local stability condition for the DFE and the feasibility condition for
the EE, it is easily seen that for R0 = 1 a transcritical bifurcation occurs for which the endemic
equilibrium E∗ emanates from the disease-free point E0.
Remark 3.2 Note that the feasibility result for E∗ differs from the corresponding one in [2] because
for the epidemics to subsist, it is necessary that inequality (10) holds.
We next consider the local stability issue of the EE. Although the final result coincides with the
one obtained in [2], there are some details that change. Thus, we present also its proof, following
the same steps and employing the abstract formulation given by (2) and (3).
Theorem 3.2 The equilibrium points E0 and E∗ of (1) are, respectively, unstable and locally
asymptotic stable for R0 > 1.
Proof We apply the method of [32, Theorem 4.1], choosing β∗ as bifurcation parameter. Finding
its value from R0 = 1, we have
β∗ =
a1(ρΛ+ µκd)
Λη
,
which is positive in view of (10). At β∗, the Jacobian of (3) evaluated at E0 becomes
J∗0 =


−µ 0 0 ω −
a1(ρΛ+ µκd)
ηµκ
0 −a1 0 0
a1(ρΛ+ µκd)
ηµκ
0 δ −a2 0 0
0 0 ε −a3 0
0 η 0 0 −
ρΛ+ µκd
µκ


.
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Its eigenvalues are −a1 −
ρΛ+ µκd
µκ
, −a2, −a3, −µ, and 0. Thus, zero is a simple eigenvalue of
J∗0 and, recalling (10), all the other eigenvalues have negative real parts. The center manifold
theory [33] can thus be employed to assess the behavior of (3) near β = β∗. The tool for studying
the local asymptotic stability property of the EE for β near β∗ is provided by Theorem 4.1
of [32]. The right and left eigenvectors associated with the zero eigenvalue of J∗0 are, respectively,
w =
[
w1 w2 w3 w4 w5
]T
and v =
[
v1 v2 v3 v4 v5
]
, i.e., explicitly,
w =
[(
δεω
a2a3
− a1
)
1
µ
1
δ
a2
δε
a2a3
µκη
ρΛ+ µκd
]T
w2, v =
[
0 1 0 0
a1
η
]
v2,
with w2 and v2 arbitrary constants. So, we can choose w2 = v2 = 1. In view of the fact that
v1 = v3 = v4 = 0, the only nonvanishing derivatives, in the above expressions, are[
∂2f2
∂x1∂x5
(
E0
)]
β=β∗
=
[
∂2f2
∂x5∂x1
(
E0
)]
β=β∗
=
β∗
κ
,
[
∂2f2
∂x25
(
E0
)]
β=β∗
= −
2β∗Λ
µκ2
,
[
∂2f5
∂x1∂x5
(
E0
)]
β=β∗
=
[
∂2f5
∂x5∂x1
(
E0
)]
β=β∗
= −
ρ
κ
,
[
∂2f5
∂x25
(
E0
)]
β=β∗
=
2ρΛ
µκ2
.
Let us assume that ϕ = β − β∗. Therefore, recalling (10) and (11), for constants a and b, we find
a =
2µ(β∗η − ρa1)
ρΛ+ µκd
(
δεω − a1a2a3
a2a3µ
−
Λη
ρΛ+ µκd
)
< 0
and
b =
5∑
i=1
(
v2wi
[
∂2f2
∂xi∂ϕ
(
E0
)]
β=β∗
)
= v2w5
[
∂
∂x5
(
x1x5
κ+ x5
)(
E0
)]
β=β∗
=
Λη
ρΛ+ µκd
> 0,
respectively. Thus, since β∗η > ρa1, as

a < 0
b > 0
ϕ = β − β∗ =
a1(ρΛ+ µκd)
Λη
(R0 − 1) > 0
⇔


a < 0
b > 0
R0 > 1,
we conclude from Theorem 4.1 of [32] that the equilibrium pointsE0 and E∗ of (1) are, respectively,
unstable and locally asymptotic stable for a value of the basic reproduction number such that
R0 > 1. This concludes the proof. 
4 The Optimal Epidemic Control
In this section, we define an optimal control problem with the purpose to curtail the spread of
the epidemic. Furthermore, we write the respective necessary optimality conditions, following the
Pontryagin approach [26]. We keep on using the notation X = (x1, x2, x3, x4, x5) = (S, I,Q,R,B).
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4.1 The Optimal Control Problem
Cholera transmission is linked to inadequate access to clean water and sanitation facilities. The
distribution of CWT for water purification is one of the possible strategies to improve the quality
of the water and control cholera outbreaks. In this section, we introduce into model (1) a control
function u(·) that represents the fraction of susceptible individuals who has access to CWT for
water purification (see [34]). This control measure is such that u(t) ∈ [0, umax] for all t ∈ [0, T ],
where T > 0 is the final time and 0 ≤ umax ≤ 1. If u = 0, then nobody receives those chlorine
water tablets, that is, there is no control measure. To assume that only a fraction of susceptible
receive the water tablets (e.g., those living in areas that can be reached by health workers) while
the rest of the population does not receive sanitary aid, we fix a value of 0 < umax < 1. If u = 1,
then there is no movement of individuals from class S to class I, i.e., there is no new infections.
The model with control is then given by the following system of non-linear ordinary differential
equations:


S˙(t) = Λ−
βB(t)S(t)
κ+B(t)
(
1− u(t)
)
+ ωR(t)− µS(t) = f˜1
(
X(t), u(t)
)
,
I˙(t) =
βB(t)S(t)
κ+B(t)
(
1− u(t)
)
− (δ + α1 + µ)I(t) = f˜2
(
X(t), u(t)
)
,
Q˙(t) = δI(t)− (ε+ α2 + µ)Q(t) = f˜3
(
X(t), u(t)
)
,
R˙(t) = εQ(t)− (ω + µ)R(t) = f˜4
(
X(t), u(t)
)
,
B˙(t) = ηI(t)− dB(t)−
ρB(t)S(t)
κ+B(t)
= f˜5
(
X(t), u(t)
)
,
(12)
together with the initial conditions given by
S(0) = S0 ≥ 0, I(0) = I0 ≥ 0, Q(0) = Q0 ≥ 0, R(0) = R0 ≥ 0 and B(0) = B0 ≥ 0. (13)
The set X of admissible trajectories and the admissible control set U are, respectively, given by
X =
{
X(·) ∈ W 1,1
(
[0, T ];R5
)
: (12) and (13) are satisfied
}
,
U =
{
u(·) ∈ L1
(
[0, T ];R
)
: 0 ≤ u(t) ≤ umax, ∀ t ∈ [0, T ]
}
,
where 0 ≤ umax ≤ 1. The functional to be minimized is represented by
J
(
X(·), u(·)
)
=
∫ T
0
βB(t)S(t)
κ+B(t)
(1− u(t))dt+ c
∫ T
0
u(t)dt, (14)
i.e., the total number of new infections over the period, plus total cost of interventions, where c
is a weight coefficient. Clearly, one would like to eradicate the epidemic at the least possible cost.
Thus, the optimal control problem consists of determining the vector function
X⋄(·) =
(
x⋄1(·), x
⋄
2(·), x
⋄
3(·), x
⋄
4(·), x
⋄
5(·)
)
=
(
S⋄(·), I⋄(·), Q⋄(·), R⋄(·), B⋄(·)
)
∈ X
associated with an admissible control u⋄(·) ∈ U on the time interval [0, T ], that provides the
minimal value to the cost functional (14), i.e.,
J
(
X⋄(·), u⋄(·)
)
= min
(X(·),u(·))∈X×U
J (X(·), u(·)) . (15)
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4.2 Necessary Optimality Conditions
The following theorem provides necessary optimality conditions for the optimal control problem
(12)–(15), assuming existence of solution.
Theorem 4.1 Assume that X⋄(·) =
(
x⋄1(·), x
⋄
2(·), x
⋄
3(·), x
⋄
4(·), x
⋄
5(·)
)
∈ X is an optimal state
associated with the optimal control u⋄(·) ∈ U of problem (12)–(15) with fixed final time T ∈ R+.
Then, there is a multiplier function λ⋄ = (λ⋄1, λ
⋄
2, λ
⋄
3, λ
⋄
4, λ
⋄
5) : [0, T ]→ R
5 that satisfies the adjoint
system


λ˙⋄1(t) =
x⋄5(t)
κ+ x⋄5(t)
(
β
[
λ⋄1(t)− λ
⋄
2(t)− 1
][
1− u(t)
]
+ ρλ⋄5(t)
)
+ µλ⋄1(t),
λ˙⋄2(t) =
(
δ + α1 + µ
)
λ⋄2(t)− δλ
⋄
3(t)− ηλ
⋄
5(t),
λ˙⋄3(t) =
(
ε+ α2 + µ
)
λ⋄3(t)− ελ
⋄
4(t),
λ˙⋄4(t) =− ωλ
⋄
1(t) +
(
ω + µ
)
λ⋄4(t),
λ˙⋄5(t) =
κx⋄1(t)
(κ+ x⋄5(t))
2
(
β
[
λ⋄1(t)− λ
⋄
2(t)− 1
][
1− u(t)
]
+ ρλ⋄5(t)
)
+ dλ⋄5(t),
(16)
with transversality conditions
λ⋄i (T ) = 0, i = 1, . . . , 5, (17)
for almost all t ∈ [0, T ]. Moreover, the control law is characterized by
u⋄(t) =


umax, if φ(t) < 0,
0, if φ(t) > 0,
singular, if φ(t) = 0 on Is ⊂ [0, T ],
(18)
where φ is the switching function defined by
φ(t) = c+
βx⋄1(t)x
⋄
5(t)
κ+ x⋄5(t)
(
λ⋄1(t)− λ
⋄
2(t)− 1
)
(19)
for almost all t ∈ [0, T ].
Proof Necessary optimality conditions for (12)–(15) are given by Pontryagin’s Minimum Principle
of optimal control (see [26]). The Hamiltonian function is defined by
H(X,u, λ) =
βx1x5
κ+ x5
(1− u) + cu+
5∑
i=1
λif˜i(X,u). (20)
Let us suppose that
(
X⋄(·), u⋄(·)
)
∈ X × U is an optimal solution of (12)–(15) with fixed
final time T ∈ R+. Then, there is an adjoint function λ
⋄ =
(
λ⋄1, λ
⋄
2, λ
⋄
3, λ
⋄
4, λ
⋄
5
)
: [0, T ] → R5,
λ⋄(·) ∈ W 1,1
(
[0, T ];R5
)
, that satisfies, for almost all t ∈ [0, T ], the
1) transversality conditions:
λ⋄i (T ) = 0, i = 1, . . . , 5, (21)
in view of the free terminal state X(T );
2) adjoint system:
λ˙⋄i (t) = −
∂H
∂xi
(
X⋄(t), u⋄(t), λ⋄(t)
)
, i = 1, . . . , 5; (22)
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3) minimality condition:
min
0≤u≤umax
H
(
X⋄(t), u, λ⋄(t)
)
= H
(
X⋄(t), u⋄(t), λ⋄(t)
)
, (23)
where 0 ≤ umax ≤ 1
So, conditions (17) are derived from transversality conditions (21). Moreover, system (16) is ob-
tained from adjoint system (22). Let us evaluate the minimality condition (23). The Hamiltonian
(20) is linear in the control variable. Hence, the minimizer control is determined by the sign of the
switching function
φ(t) =
∂H
∂u
(
X⋄(t), u(t), λ⋄(t)
)
= c+
βx⋄1(t)x
⋄
5(t)
κ+ x⋄5(t)
(
λ⋄1(t)− λ
⋄
2(t)− 1
)
(see (19)) as follows:
u⋄(t) =


umax, if φ(t) < 0,
0, if φ(t) > 0,
singular, if φ(t) = 0 on Is ⊂ [0, T ].
This concludes the proof. 
Remark 4.1 If the switching function has only finitely many isolated zeros in an interval Ib ⊂ [0, T ],
then the control u⋄ is called bang-bang on Ib. The case of a singular control, where φ(t) = 0 on
Is ⊂ [0, T ], was not discussed in the proof of Theorem 4.1, since in our computations we never
encountered singular controls.
5 Numerical Simulations and Discussion
In this section, we show that the control measure defined in Section 4 could have stopped more
quickly the worst cholera outbreak that ever occurred in human history, which began in Yemen on
April 27th, 2017. We consider the real data of the number of infective individuals in Yemen, from
April 27th, 2017 to April 15th, 2018 [35], represented in Figure 2. In this period, the maximum
number of infective individuals was 51 000.
Remark 5.1 The WHO tables report the number of cases per week, and these are not the same
quantities as our curve I(t). There is, however, a (partial) justification for the comparison carried
out in Figure 2, since δ (the quarantine rate) is larger than most other rates in the model (see
Table 1). Indeed, one may make a quasi-equilibrium assumption about I˙, obtaining
I(t) ≈
C(t)
δ + α1 + µ
≈
C(t)
1.15
,
where C(t) is the rate of new infections. Thus the number of cases per day should be close (though
not equal) to I(t).
In order to better simulate real life situations, where there is a lack of resources needed to
distribute CWT for water purification, we consider three situations:
– low resources (umax = 0.20);
– enough resources (two cases considered: umax = 0.55 and umax = 0.90);
– abundance of resources (umax = 0.95).
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In the current section, we also observe numerically the local asymptotic stability of the endemic
equilibrium, when we consider all values of Table 1 and T = 5× 105 days.
In Subsection 5.1, we consider low resources for CWT distribution (umax = 0.20). It means that
only a small percentage (20%) of susceptible individuals has access to the CWT. In Subsection 5.2,
we consider sufficient enough resources to decrease the outbreak (cases umax = 0.55 and umax =
0.90). Finally, in Subsection 5.3, we present numerical simulations with abundance of resources,
that is, umax = 0.95, for which almost all susceptible population has access to pure water. In all
simulations, the parameters of model (12) and initial conditions (13) are fixed at the values of
Table 1. Note that the initial values of the population and of the bacterial concentration satisfy
(4), that is,
N0 = S0 + I0 +Q0 +R0 ∈
[
0,
Λ
µ
]
and B0 ∈
[
0,
Λη
µd
]
.
Therefore, (S0, I0, Q0, R0, B0) ∈ Ω = ΩH × ΩB . This implies that all the following numerical
solutions (S, I,Q,R,B) belong to the positively invariant set Ω = ΩH × ΩB (see Subsection 3.1
and Lemmas 1 and 2 of [2]). In all the simulations, we have assigned the value one to the cost weight
associated with CWT distribution (c = 1). Note that we keep the same values for the parameters
as the ones found in [13]. The only parameter that makes sense to change is the ingestion rate β,
which is related with the novelty in the new model we propose here. This value of β was chosen in
order to minimize the distance between real data and the curve of infected individuals predicted
by model (1).
Fig. 2: Number of infective individuals with cholera, per week, in Yemen, from 27 April 2017 to 15
April 2018 (see [21]) versus state trajectory I(t) for all t ∈ [0, 354], predicted by model (1), assuming all
values of Table 1.
5.1 Optimal Solution in Case of Low Resources
We start by assuming that umax = 0.20, that is, the maximum percentage of susceptible individuals
that have access to the CWT is 20%. As we consider that tf = 354 days, then the number of grid
points is N = 100× tf = 35400. The numerical simulations for the control are in agreement with
Theorem 4.1. Note that the values of the control u decrease to zero at tf = 354 (see bottom right
plot of Figure 3). However, all resources are being used during almost all the time period considered
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Table 1: Parameter values and initial conditions for the optimal control problem (12)–(15).
Parameter Description Value Reference
Λ Recruitment rate 28.4N(0)/365000 (person day−1) [36]
µ Natural death rate 1.6×10−5 (day−1) [37]
β Ingestion rate 0.01891 (day−1) Hypothetical
κ Half saturation constant 107 (cell/ml) Hypothetical
ω Immunity waning rate 0.4/365 (day−1) [6]
δ Quarantine rate 1.15 (day−1) Hypothetical
ε Recovery rate 0.2 (day−1) [5]
α1 Death rate (infected) 6×10−6 (day−1) [35, 37]
α2 Death rate (quarantined) 3×10−6 (day−1) Hypothetical
η Shedding rate (infected) 10 (cell/ml day−1 person−1) [8]
d Bacteria death rate 0.33 (day−1) [8]
ρ Contact rate 0.01891 (cell/ml day−1 person−1) Hypothetical
S(0) = S0 Susceptible individuals at t = 0 28 249 670 (person) [38]
I(0) = I0 Infected individuals at t = 0 750 (person) [35]
Q(0) = Q0 Quarantined individuals at t = 0 0 (person) Hypothetical
R(0) = R0 Recovered individuals at t = 0 0 (person) Hypothetical
B(0) = B0 Bacterial concentration at t = 0 275 × 103 (cell/ml) Hypothetical
in the simulation (354 days). The state trajectories associated with the extremal control are plotted
in Figure 3. From this last figure, we observe that although B is a strictly decreasing function,
I is not. Although the resources are insufficient to eradicate the disease, in the considered time
interval, the distribution of CWT to 20% of the susceptible population is enough to improve the
real situation represented in Figure 2, decreasing significantly the maximum number of infective
individuals. Note that the real maximum number of infective individuals was 51 000 and the one
associated with umax = 0.20 is approximately equal to 7 431, an important improvement.
5.2 Optimal Solution in Case of Sufficient Resources
As we may deduce from the previous Subsection 5.1, to curtail the spread of the epidemic more
quickly and in a better way, we need to consider larger values for umax. Now, let us take umax = 0.55
and umax = 0.90. In the first case, a little bit more than half of susceptible individuals receives the
chlorine water tablets (umax = 55%). In the second one, only 10% of the susceptible population
does not have access to CWT (umax = 90%).
Even considering these larger values for umax, the solution of infective individuals does not
become a strictly decreasing function: neither when umax = 0.55 nor when umax = 0.90. Never-
theless, the maximum value of infective individuals decreases significantly with respect to the one
obtained in Subsection 5.1. Here this value is approximately equal to 3 749 and 942 for umax = 0.55
and umax = 0.90, respectively (see Table 2).
The extremal control is bang-bang for both values of umax. We need approximately 82 days
to solve the epidemic, when umax = 0.55. Thus, at the end of approximately twelve weeks, the
supply of CWT to susceptible population can be discontinued, because the control decreases to
zero. As we expected, one needs less time to curtail the spread of the epidemic when we consider
umax = 0.90: at the end of approximately 40 days, the control decreases to zero and the disease is
eradicated (see Table 2).
The Pontryagin Maximum Principle is a first order necessary optimality condition. Therefore,
the control law given by (18) is just an extremal of the optimal control problem (12)–(15). However,
a stronger condition, the so-called strict bang-bang property proved in [27], is also satisfied for
umax = 0.55 and umax = 0.90, that is, the bang-bang control and the switching function match
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Fig. 3: Extremal state trajectories S⋄(t), I⋄(t), Q⋄(t), R⋄(t) and B⋄(t) and
extremal control u⋄(t) (satisfying the control law (18)) associated with optimal
control problem (15) for all t ∈ [0, 354] and umax = 0.20, using all the other
values of Table 1.
the following switching conditions:
φ55(t) < 0, if 0 ≤ t < t
55
s ,
φ˙55(t
55
s ) ≃ 0.228049 > 0,
φ55(t) > 0, if t
55
s < t ≤ 100,
and
φ90(t) < 0, if 0 ≤ t < t
90
s ,
φ˙90(t
90
s ) ≃ 0.389516 > 0,
φ90(t) > 0, if t
90
s < t ≤ 70,
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where tps and φp denote, respectively, the switching time and switching function φ for umax =
p
100 .
Moreover, the respective minimum costs are given by
J55 ≃ 3.797326× 10
4 and J90 ≃ 4.443881× 10
3.
5.3 Optimal Solution in Case of Abundance of Resources
In this subsection, we consider umax = 0.95, that is, 95% of susceptible population has access to
CWT for water purification, corresponding to a situation where there is abundance of resources. In
this case, the numerical solution for the number of infective individuals I is a strictly decreasing
function. In this situation, there is a timely and effective distribution of CWT, which avoids
the increase of the number of infected individuals. Consequently, it is possible to achieve a low
maximum value of infected individuals equal to I0 = 750.
When umax = 0.95, we only need to distribute CWT in the first 37 days. The minimum cost
takes the value J95 ≃ 2.099780× 10
3 and the extremal control is also bang-bang for umax = 0.95.
As in Subsection 5.2, the bang-bang control and the switching function match the switching
condition (18) and satisfy the strict bang-bang property with respect to the Pontryagin Maximum
Principle [27]:
φ95(t) < 0, if 0 ≤ t < t
95
s ,
φ˙95(t
95
s ) ≃ 0.418741 > 0,
φ95(t) > 0, if t
95
s < t ≤ 70,
where t95s and φ95 denote, respectively, the switching time and switching function φ for umax =
95
100 .
We compare the switching times and the total number of infected individuals associated with
Subsections 5.1, 5.2 and 5.3 in Table 2.
Table 2: Switching time and total number of infected individuals for all considered cases.
umax = 0.2 umax = 0.55 umax = 0.9 umax = 0.95
Switching time (days) 353.99 81.91 40.24 37.35
Total number of infected individuals 7 431 3 749 942 750
5.4 Local Asymptotic Stability of the Endemic Equilibrium
For the parameter values in Table 1, we have that the basic reproduction number (6) is
R0 ≃ 3.830175
and that the endemic equilibrium (8) is, approximately,
E∗ =
(
2.900036× 107, 1.039755× 105, 5.978021× 105, 1.075290× 108, 2.788426× 106
)
. (24)
Plotting the state trajectories predicted by model (1) for the values of Table 1, we can observe,
numerically, the local asymptotic stability of the endemic equilibrium (24): see Figure 4.
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Fig. 4: State trajectories of model (1) versus the endemic equilibrium (24) for
T = 5× 105 days and considering all the other values of Table 1.
6 Conclusions
In this paper, we improved the mathematical model proposed in [2] by incorporating the require-
ment that a healthy individual must intake bacteria from the environment to become infected and,
by doing so, these bacteria are removed from the aquatic medium. In contrast to [2], the feasibility
of the endemic equilibrium depends on the rate at which the bacteria are spread by the infective,
and must exceed the combined rates at which infective leave their compartment, i.e., must be
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larger than the sum of the rates at which individuals are quarantined, and die either naturally or
because of the disease. The conditions for the local stability of the endemic equilibrium also differ
from the ones of [2].
We proposed and analyzed an optimal control problem, where the control function represents
the fraction of susceptible population who receive chlorine water tablets (CWT) for water pu-
rification, with the objective to minimize the number of infective individuals as well as the cost
associated with the distribution of CWT. The optimal solution has been characterized both an-
alytical and numerically. The extremal bang-bang controls satisfy the so-called strict bang-bang
property with respect to the Pontryagin Maximum Principle. Thus, the proposed strategies for
the distribution of CWT represent suitable means for containing cholera outbreaks, in different
scenarios and periods of time. This is supported by the current situation in Mozambique, where
the Portuguese army purifies around 4 000 liters of water per day using chlorine, to fight the
cholera epidemic caused by the passage of cyclone Idai in March 2019 [39].
In our work, we assume a homogeneously mixing population and the distribution of CWT
to susceptible individuals is done randomly. As future work, it would be interesting to propose
a model defined by partial differential equations in order to consider a temporal and spatial
distribution of CWT. Studying a model that incorporates a spatial distribution, we could decide
to distribute CWT only to susceptible individuals who live in areas that can be more easily reached
by health workers. Moreover, the proposed model could be generalized by considering seasonality
(see, e.g., [15, 40–42] and references cited therein). Another line of research consists to find how
the optimal control and its results are influenced by the existing uncertainties on the parameters
of the model. That would be an important message for health authorities and will be addressed
elsewhere.
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